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1 Introduction

The scientists work on g-calculus, which includes g-number with a single base q. Chakrabarti and
Jagannathan [8] independently looked into (p, q)-calculus, which contains (p, q)-number with independent
variables, two variables p and q, around the same period (1991). In the mathematical literature, Wachs
and White [22] developed the (p, q) number which is used to derive the production function of the joint
distribution of statistics pairs, or the (p, q) Stirling number. A number of mathematical and physical issues
make (p, q) calculus necessary. Since 1991, numerous mathematicians and physicists have developed the
(p, q) calculus in a variety of study fields based on the previously described works. For each number n, the
twin-basic number or (p, gq)-number is defined as

n-1

|_ J _ pn _qn _ A0l n-2 n-2

Njpgy=—7"—"—" =P +pPp Q4q+..+pqQ "~ +(Q
P—q

This is a natural generalization of the g-number. P is a post-Quantum calculus which is the most

generalized form of Q calculus.

Post Quantum Number
We define the (p, @) numbers and examine their properties, such as the addition and subtraction formulas,
multiplication and division rules, and so on. However, we can only apply the addition formula. Let us give
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the following definition of the (p, q)-number. The (p, q) numbers are defined as

p"—q"
nj| =——,
[ =2 =3

which is symmetric, that is,
\—an,q = \_an,p, see[24, 25].

Application of pq calculus

Q-calculus has played a significant part in physics phenomena as a link between the realms of mathematics
and physics. For example, Fock [14] used the g- difference equation to study the atomic symmetry of
hydrogen. Furthermore, g-calculus has various applications in current mathematical analysis, such as
combinatorics, number theory, quantum theory, physics, statistics relativity the- sis, orthogonal
polynomials, basic hypergeometric functions, see also [20, 5, 7]. Both mathematicians and physicists are
interested in the broad topic of frac- tional calculus. The combination of analytical function theory with
fractional calculus has resulted in the development of a number of mathematical models that use fractional
differential equations [3]. The g-calculus is a variant of clas- sical calculus that does not include the concept
of limits, with q standing for quantum. In [4, 10], Jackson began employing the g-calculus. The first coeffi-
cients of a new class L(a, t) were calculated by Altinkaya in 2018. Research on a subclass of univalent
functions is done in [17] using Chebyshev polynomials. The Komatu Integral operator has been applied
recently to study Chebyshev polynomials and an original subclass of univalent functions [23]. Recent contri-
butions to univalent function theory, including Chebyshev polynomials, can be observed in [6, 13, 18]. Let
A represent the class of analytical functions of the form

f(u)=u+ianu”, ueU :={U€C:|U|<1},

n=2

which satisfies the normalization conditions f(0)=0, f'(0)=1. The author of [9], constructed the

following significant univalence condition for the subclass S using the inclusion relation.
Theorem (1.1)

Let f e A satisfy

212
SR{2quqf(u)+u quf(u)}>0 o

f(u)+uD,, f (u)

Then f(u) is satarlike univalent in U.

Example 1.
u

M=y

is the Koebe function that is starlike in the open unit disk. (1932, Marx [16]) Geometric function theory
has a long history of the Fekete-Szego functional ‘r3—¢r§‘. In 1933, Littlewood’s theory Unity defines the
boundaries of func-tions, which was refuted by the authors in [19]. Particularly in subcategories within

the univalent function family, the functional has drawn a lot of atten- tion. According to some research,
this issue has drawn attention from academics recently (see, for instance, [12]).
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Definition 1.1 Chakrabarti and Jagannathan [15]. The (p,q)-differential of a function f is defined as,

d, fO)=1(p,)-T(a,)

Similar to the g-differential in [1], a contrast of the (p, q)-differential from the typical one is the absence of
balance in the differential of the result of two functions. There are no investigations of g-Chebyshev
polynomials related to univalent functions in the literature that we are aware of. The main goal of this

research was to examine the characteristics of univalent functions related to g-Chebyshev polynomials. In
this paper, preliminary coefficient calculations for the Fekete-Szego problem for univalent function
subclasses HB(p, g, n, a) are computed using the 4pg-Chebyshev polynomial expansion. The authors focused

on the bounds of factor functions for novel subclasses of univalent functions using certain pg-Chebyshev

polynomials.
2 Bounds of the constants and Fekete-Szego In- equalities

A function f € A is considered to be in the class,
1
HB(p,q,n,a), where §< a<l0<g<p<lueC,—-1<n<2, and ueU

2uD, f (u)+u®D}, f (u)

2
f(u)+uD,,f (u) < a(p,q,n,a) 2)

where D, is the pg-differertfial operators and < is the sign for subordination [21].

Hv(p,q,n,a):iHv(p,q,n,a)uV, (%<a<1,0<q< p<lueC,-1<n<2)

n=0

Where

)

Hv(lo,cl,n,a)=Z(|oq)k (n j (P.=9): (P, Q) yi g2k

k) (p—a);(p,q)

are called pg-Chebyshev polynomials of the second kind.
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Figure 1: The figure represents the Chebyshev polynomials of second kind. The value of this
polynomial lies in [—1,1] and n>2, p <1, g<1.

we have

H,(p,a.n,a) =(p" +q"a)V,,(p,q,n,a)+(pg)*V,_,(p,a.n,a) )
Using these identities in main results:
H,(p,qg,n,a)=a+apq
H,(p,q,n,a) =npg+a’+a’p’q’ + pga’ +a’p’q’

H,(p,g,n,a) = pgna+ p°g’na+np’g’a+ang*p’ +a*(@°p° + p°a® +q* +2p°q® + p’q* + pg+1)

Remark 1. We can see that

H.(1, —1, a) = HAa)

where H.(a) is the classical Chebyshev polynomials of the second kind.

The evaluations on the Maclaurin series factors || and |r;| for functions in the class HB(p, g, n, a) are
resolved. D "1az and Osler [2] used g-calculus fractional differential operator to define analytical function
in U. The purpose of this study is to propose new notions of (p, q) differential. We look at the fractional
(p,q)-difference operators of the Chebyshev polynomials of the second class. A study of this fractional
(p, q)-calculus is expected to be very important in the development of the (p, g)-function theory.

Main Results Theorem 2.1

Let f(u) € HB (p, q, n, a). Then
Letf (u) e HB(p, q,n, a). Then

2a(1+pq)

2p+2q-1

forall g eR

6a’p + 6a’q-3a’ +6a’p’q + 6a’pg® - 6a’pq + 4a® + 4a’p’q® + 4a’q + 4a’p’q® - 2a® - 2a’p’q’® N
(1+pa)*(2p +2q-1)

[r2|<

[r3]<

2a + 2ag + 2nq
P’ +q°+p®+0° +2p°q+2pg° + pg-1
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2a
| r3—gr? |<4 @+ pa)?
Vo els, b ]

a®(l+ pa)(L+ p*g*)+ pan  (p+q+1)(A+pa)a

1+ pg)a 2p+2q-1
5 2a
R ey
2¢a(p°+9°+ p* +9° +2p*q+2pq° + pg—1)(L+ pq) _|
(2p+29-1)° B

for all ¢A[¢,, ;] where
where

+p+

g=2LtY )
n+u

a=2a*p’+a’p’q*+4a’p’q+2a’p’q* +3a*p+4a’p’q* +a’pq

B =-4pan—4p*qn—4pg° —a—a*p’q®~4pg’n+ pan+8p°g’n

v =—8apq-+4aqp—4ap’q —4apq’ —apg+8apq’ +4apq’ + 4apg’
n=4a’p°q’+2a’p’q’ +2a’*p’ +2a’g’ +4a’p’q+4a’p’q’
u=2a*p’q’ +4a’p'q® +4a’p’q’ +2a’p’q’ +2a’*p*q’ +4a’p’q* +4a’p’y

¢2:Lﬂ+v ©)
n+u

a=2a*p+3a*p’g® +4a’p’q* +2a°pq* +3a°p’g® +4a’pg® +apq

[ =-a’p’g’—4pg’n—4p’gn—-8p°g°n—4p°n+4a’p® +4a*q’ +a

v =8apq+ 4aqp+4apq’ + 4apg” —apq+8ap’q +4apq’
n=4a’p°q*+2a’p’q’ +2a’*p’ +2a’q’ +4a’p’q* +4a’p’q’ +4a’p’q
u=2a’p’q* +4a’*p’q’ +4a’*p’ +4a’p’q’ +2a’pq’ + 4a’p’g’ +8a’*p’q’

Where d)l < d) < ¢2 and ¢1, ¢z € R

Proof. Let f(u) € HB (p, q, n, a). From (3), the results are,
2uD_ f D2 f
UDyq f () +U"Dy, T (1) =1+H,(p,q,n,a)@()+H,(p,q,n,a)w? )+ H,(p,q,n,a)@’ ) +... (D
f(u)+uD,, f(u)
for some analytical function w such that w(0) = 0 and |w| <1 for all u € U. Taking it from there,

(8) we get

2uD__f (u) +u’D?, f (u)
qu(u)+ququ:1) =1+ H,(p,q,n,a)ku+[H,(p,q,n,a)k,u+H,(p,q,nakiuju?+... O
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| () | Ku + k,u? +k,u® +...]<1 and ueU

|k, £LveN 9)

|k, =k I max(1+| <)), V¢ eR (10)
As the result of (9), it follows that

2p+2gq-1

%rz = Hl(p1qlnla)k1 (11)

(PP+9°+p*+2p*g+2pg*+ pa-hr, (2p*+29°+4pg+p+q-Dr;
2 4

Hl(p1q’n’a)k2+H2(p1q’n’a)k12 (12)

From identities 1, 2 and 12, we get

I 2a(1+ pq)

|2_2p+2q—1 =
Then, using (12) in (13), we can find the bound on |r;].
ik ——2Hi(p.anak,_ oo Hapanak’ N
P>+0°+p +2p°g+2pq°+pg-1 p +qg°+p°+2p°q+2pq°+pgq-1
(4p*+49>+8pg+2p+29-2)H,(p,q,n,a)k; (14
(p°+9°+p*+2p°q+2pq” + pq-1)(2p—-2q -1)*
In light of identities and(10), we have
"< 6a’p+6a’q—3a’+6a’p’q+6a’pq’ +4a’ +4a’p’y’ +4a’p’g’ —2a’ —2a’p’q’ .
- 1+ pa)*(2p+29-1)
2a+2aq+2nq
p’+q°+ p®+2p°g+2pqg’+ pg-1 (15)

From (15) and (11), for ¢ €R we get

2H,(p,q,n,a) H,(p,q,n,a) p+qg-+1
r— 2 = 1 k + 2 + H 1] 1n1a +
It =4 | p°+q°+p°+2p’q+2pg”+pg-1| ° | H,(p,a,na) 2p+2q-1 :(P.a.n.2)
3., 43 2 2 2 _
P A+ P +2pq+2pg” + pa-1 16

(2p+2q-1)° |

Based on (11), we arrive at the following conclusion
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PR — 22H1(p.2q,n,a) : max{1,|k2+H2(p'q’n’a)+ p+q+1 H.
P +0°+p°+2p°q+2pq°+pq-1 H,(p,g,na) 2p+2q-1 -
+q°+p°+2p°q+2pg° + pg-1
2p P AR TER AT TP, (pan, )k |

(2p+29-1)°

We have achieved this by using (identities) in (18).

PRI max{l a’(L+ pq)(p2+q2)+pqn+(p+q+1)(l+pq)a}_2a¢(p3+q3+p2+2p2q+2pq2+pq—1)(1+ pa)
T L+ po)? a(L+ pq) 2p+2g-1 (2p+29-1)° (18)
2p PP 2P+ 2p0" 4 pg -

(2p+29-1y

Because a is greater then zero ,we have

r gt 22 [a@+pa)(p+a’)+pan, (p+q+1(d+ paja
CT T @+ po)? a(l+ pq) 2p+2q-1 )
19

_2ag(p’ +q°+p* +2p’q+2pq’ + pa-1)(L+ pa)| _,
(2p+2q-1)° I~

Theorem 2.1. This brings us to Corollary 1 in the particular case where
g=1,p=1,and n=—1.
Corollary 1. Let f(u) € HB(a). Then

4a
rI<—
I, | 3
31a’+6a-2
T, |STV¢€[¢1,¢2]
alda®-1 32
r,—gr) |<{— +3a-—
A
fOI' all ¢£[¢1’ ¢Z]
;- 24a% +18a -9
' 66a°
4 _ 24a°-18a-9
2 66a2
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Corollary 2.
Theorem 2.1, This brings us to Corollary 2 in particular case when p = 1.
2a(l+
r, < 22619)
1+2q
And
" k< 2a°(29° +29° +50+) 2a+2aq+2gn
T (q+D)*(1+2q) 9°+39° +3q+1
and for ¢ ER
2a
-l |<———
| 3 ¢r2 | (1+ q)2

for all ¢ € (¢, ¢,

—_r?
|r3 ¢r2 |— (1+ q)2|

for all ¢, ¢, where
4o = 3a’ +4a’q® + 7a’q® +8a’q +2a’q* —a—5aq+qn—8aq’ + 4ng” —4aq’® + 4ng®
: 2a’q® +10a’q* + 20a%q® + 20a°q® +10a%q + 2a’

(1+q)a 1+2q (1+2q)°

_3a’+4a’g’+7a’q* +8a’q+2a’q* +a+5aq+qn+8aq’ +4ng’ + 4aq’ + 4ng’
2a%q® +10a’q” + 20a°q® + 20a°q” +10a’q +2a°

9,

2a |a2 A+q)(1+g*)+gn s (2+a)1+g)a 24a(q® +39° +6q+1)(1+ q)| <1
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3 Conclusion

The field of pg-calculus has emerged as a
fascinating area of study, with promis ing
implications for various mathematical disciplines.
In particular, it is pg- calculus expected to be very
important in the development of the pg-function
theory, analytical number theory, special
polynomials. In the previous work the author
Altnkaya and Yalcin [11] has etablished analytical
univalent class HB(q, n, a)linked to the g-
Chebyshe polynomial. In this paper we have
investigated Fekete-Szego problem and constants
estimates |r2| and |r3]| of the above men- tion

class HB(p,q,n,a) .In this particular work we have
obtained generlized form of g-calculus and have
obtained this class by using pg-operator.
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