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forming a semiinfinite structure. By applying Fourier transform techniques, the
Helmholtz equation governing the wawe field is reduced to a matrix Wiener—Hopf
equation, which is solved using kernel factorization and analytic continuation.
The solution leads to two coupled infinite systems of linear algebraic equations
corresponding to the unknown spectral functions. The effects of waveguide height,
incidence angle, and mixed boundary conditions on the diffracted field are
analyzed. The results indicate that the Neumann-Dirichlet combination
significantly modifies the field distribution compared to symmetric boundary cases,
particularly in the farfield scattering pattern. The proposed methodology provides
a coherent framework for investigating diffraction in waveguides with mixed
boundaries and is applicable to electromagnetic shielding, waveguide irregularities,
and acoustic systems. It also incorporates recent advances in Wiener-Hopf
techniques, emphasizing the relevance and novelty of this extended formulation.
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1. Introduction

Wave propagation and diffraction in guided
topics in applied
mathematics, physics, and
electromagnetic theory. Parallel-plate waveguides
extensively studied because they
analytical simplicity with practical
importance in microwave engineering, optical
systems, shielding enclosures, and scattering from
open-ended cavities. Typically, these problems are
modelled using the Helmholtz equation together
with boundary conditions that reflect the physical
surfaces of the waveguide. However, when the
geometry includes discontinuities such as open
ends, junctions or mixed-material surfaces so that
the boundarywvalue problem becomes
complex and often requires advanced analytical
methods [1], [2]. One of the most powerful
techniques for such problems is the Wiener-Hopf
method, which can produce exact or formally exact
solutions for semi-infinite or piecewise-uniform
Classical ~ applications  include
diffraction by half-planes, wedges, impedance
plates, and open-ended waveguides (3], [4], [5].
Modern systems, however, often involve hybrid
materials, asymmetrical boundaries, and irregular

structures remain central

mathematical

have been
combine

more

structures.

waveguide shapes, introducing new analytical
challenges [6], [7].
Recent research has extended Wiener-Hopf

methods to more complex problems. Generalized
Wiener-Hopf equations have been developed to
handle angular or flanged geometries with
inhomogeneous media [8], [9].
approximate methods for matrix Wiener-Hopf
problems now allow factorization of coupled
kernels that previously required fully analytical
decomposition [10]. Fast numerical techniques
using Fourier and Hilbert transforms also enable
the solution of both scalar and matrix Wiener-
Hopf equations efficiently [11]. For parallel-plate
waveguides, significant advances include exact
Wiener-Hopf solutions for multi-layer dielectric
loading, covering both E- and H-polarizations [12],
[13]. Partial material loading has been addressed by
combining Wiener-Hopf with modified residue
calculus techniques (MRCT), producing accurate
field reconstruction [14], [15]. The diffraction of

plane waves by semi-infinite waveguides with

[terative and

perfect-conductor loading has also been solved
using Fourier and Wiener-Hopf,
yielding closed-form expressions for the scattered
field [16]. Theoretical contributions have clarified
scattering from semi-infinite plates with two-sided
linear boundary conditions, allowing analysis of
asymmetrical surfaces [17]. Further studies focus on
factorization of matrix Wiener-Hopf kernels in
acoustic or electromagnetic contexts, including
waveguide barriers, collinear cracks, and plate
arrays [18], [19]. Wiener-Hopf has also been
applied to novel configurations such as semi-
infinite circular pins, showing its flexibility in
structural-acoustic problems (20], [21].

Recent contributions include exact solutions for

transform

semi-infinite guides with five-layer material loading
[12], partial loading with modified residue calculus
techniques (MRCT) [14], and plane-wave
diffraction by perfectly conducting rectangular
cylinders [15], [16], [22]. Waveguide-like scattering
problems with cylindrical or corrugated geometries
solved using Wiener-Hopf-Fock
formulations [23]. Beyond electromagnetics,
Wiener-Hopf is now relevant in plasmonic, nano-
photonics, and electrostatics. For example, edge
in plasmon launching and the
electrostatic field around circular cylinders with
slots have been analysed using Wiener-Hopf,
demonstrating its versatility in both
electromagnetic and structural-acoustic contexts
(24], [25].

Despite these advances, a significant gap persists in
fully asymmetric parallel-plate waveguides, where
the two bounding surfaces have different material
or impedance properties, have rarely been analysed
using exact analytical methods. Most studies
assume symmetry or rely heavily on numerical
approximation for asymmetrical cases [12], [14],
[16], [22]. This gap limits theoretical understanding
and the design of asymmetric open-ended
structures used in sensing, shielding, and
waveguide-based devices.

In this paper, we address this gap by studying a
time-harmonic plane wave incident on a semi-
infinite parallel-plate waveguide with different
boundary conditions on each plate. Applying the
Fourier transform to the Helmholtz equation, we
derive a matrix Wiener-Hopf equation, which is

have been

diffraction
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factorized using analytic continuation and
canonical decomposition. This results in two
infinite systems of linear algebraic equations for
the  spectral  amplitudes, allowing
reconstruction of the scattered field. The results
provide insights into the effects of waveguide
height, incident angle, and boundary asymmetry
on diffraction, serving as analytical benchmarks for
practical applications.

The paper is organized as follows: Section 2
presents the mathematical modelling of the
governing equations for the forced nonlinear
transverse vibrations of a moving beam with an
elastic foundation and damping. Section 3 outlines
the development of asymptotic expansion using the
two-timescale method to assess system stability.
4 discusses the dynamic stability
characteristics within resonance regions. Finally,
2 2

TSt k=0,

where k is a wave number. The structure consists
of two parallel plates located at y = 0 and y = b,
which form semi-infinite waveguide in the region
x>0. The half plane 0 <y <b, x <0 is
unbounded and represents the exterior region into
which wave is incident. The lower plate is held ata
u(x,0) =0, x>0,

and
a
au(x, b) = 0,

exact

Section

x> 0.

3. Formulation of Matrix Wiener-Hopf Equation

section 5 provides the conclusions derived from
the study.

2. Mathematical Formulation and Geometry
The diffraction of a plane
electromagnetic wave is considered by a semi-
infinite parallel-plate waveguide occupying the
region 0 <y < b, x >0, where b > 0 denotes
the plate separation. The wave guide open at x = 0
and extends infinitely in the z-direction, allowing
the field to be treated as a two-dimensional
problem. The plates are assumed to be perfectly
conducting, except for the distinction in their
behavior, which is
boundary conditions imposed on the scalar field.
For a transverse incident wave, the E,-polarized
plane wave filed must satisfy the Helmholtz
equation and given by

time-harmonic

surface encoded in the

(1)

fixed potential, while the upper plate enforces a
vanishing normal derivative of the field.
Mathematically, these Dirichlet condition at the
lower plate and Neuman condition at the upper
plate are expressed respectively as:

(2)
3)

Consider the diffraction in a time harmonic E,-polarized plane wave,

ui(x, y) — e—ik(xcos 90—ysin90)’

The parallel-plate waveguide formed by a two-part
impedance plane placed at y = 0 and a parallel
perfectly conducting half-plane placed at {x <
0,y=0, z € (—0,0)} is also considered. We
shall assume that k has a small imaginary part for
the sake of analytical convenience and the
The total field can be expressed as

4)
surrounding medium is somewhat lossy, so at the
end of analysis it can be obtained by making
Im(k) — 0. The surface impedance of the parts
x <0 and x > 0 of the plane y = 0, relative to
the characteristic impedance of free space, are
assumed to be n; and 1, respectively.

T _ (uixy) +ur O, y)+us (%, ), y>b (5)
u (x,y)—{ u, (x,y), 0O<y<b
where u; is the incident field given by Eq. (4) and if the whole plane is perfectly conducting then u,. will be
the reflected field
ur(x’ y) = —p~ik(xcos 69— (y—2b) sin 90)‘ (6)
The unknown fields u; and u,, which satisfy the Helmholtz equation
(7)

92 92 .
(ﬁ+ﬁ+ kz)uj(x,y) = 0, ] = 1,2.

It is convenient to use the following representations of Fourier integral as
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u; (x,y) = %IL Ay (@)eKOP)-iaxgy, (8)
and

u,(x,y) = f [B,(a) cosky + C;(a)a sin Kyle™®*da, ©)
with

K(a) = Vk? — a2. (10)

The function in Eq. (10) is defined in the complex
a-plane with cut along @ = k to @ = k + i and

a=—ktoa=—k —ioo, such that K(a) = k. By
O(e—ikxcosé‘o)’ X = 00
VX, = . )
1(6y) {O(e—zkx/ /_x)’ X = —00
v, (6, y) = 0 (e#H //Ix]),  Ix] - oo.

The integration line L is a straight line parallel to
the real a-axis lying in the strip Im(k cos6,) <
Im(a) <Im(k). The unknown coefficients 4, (a),

considering the asymptotic behaviours of u; and
Uy, for |x| = oo as

(11)

(12)

B; (a) and C; (a), which are to be determined with
the aid of the following boundary and continuity
relations.

%ul(x,b) =0, x<0, (13)
ul(x b) — uz(x b) =0, x € (—0, ), (14)
—ul(x b) +5- ul(x b) +o- ur(x b) ——uz(x b) = x>0, (15)
(1 += )uz(x 0)=0, x<0, (16)
(1 + I@) U, (x,0) =0, x> 0. (17)
The uniqueness of the mixed boundary value
problem defined by the Helmholtz equation
required the satisfaction of radiation condition,
\/E[Z—Z—lku]ao, p=+x%+y%-> o, (18)
and the edge conditions near origin (0,0) and the point (0, b)
1
() = 0(Ix[7), |xl -0, {19
1
()= 0(IxI7%), x| -0, (20
By substituting Eq (8) into Eq. (13), the expression takes the following form:
7]
aul(x b) == —f A (a)e " da, 21)
By inverting the above integral equation, the resulting expression becomes:
fooo uy(x, b)e'**dx = iKA; (), (22)
or it can be written as:
+
Ay(e) =2 (23)
where,
pi(a) = [, ui(x, b)edx, (24)
and in a same way, Eq. (14) yields:
Ai(a) = B;(a) cosKb + C;(a) sinKb, (25)
likewise, Eq. (15) provides:
—ikbsin 0 i
iKA; (@) + K[By () sinKb — C, () cos Kb] = — == Osinfo 4 Y1 (a), (26)

where,

a—kcos B,
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— a a i
Y@ = 2, [5G b) — - G b)| e,
respectively, Eq. (16) and Eq, (17) yield:

By (a) + K Ci(a) = 3 (a),

and
By (@) + ZKCy (@) = 93 (a),
with

Yi(a) = f ( + ——) u, (x, 0)e'*dx,

and

Y5 (a) = f ( + ——) u, (x, 0)e'**dx.

Taking into account the analytic properties of the

Fourier integrals, together with Eq. (11) and Eq.
(12), where 7, (a) and Y7, (a) remain regular in

27

(28)
(29)

(30)

€20)

the halfplanes Im(a) > Im(kcosf,) and
Im(a) < Im(k), respectively.
To determine By (a) and C; («), Eq. (22) and Eq.
(23) are employed, resulting in:

(32)

B ((Z) — 77211);(“)_7711!’2_(“)
N2—M1 } ’
k(Y3 (@-93 (@) (33)
G (@) = K(m2-11) '
By substituting Eq. (23), Eq. (32) and Eq. (33) into
Eq. (25) and Eq. (26), a pair of coupled Wiener-
Hopf equations is obtained, given respectively as:
Yi(a) - wz( )(172 cosKb — ik Sme) :2( )(771 cosKb — ik Sme) =0, (34)
2
YT (a) + wz( )(nzK sinKb + ik cosKb) — 1/)2 (an sinKb + ik cos Kb) = ¢7 (a) — (35)
2k sin 6o e—lkb sin 6,
a—kcos 8, :
In matrix form, the system becomes:
1 —in,cosKb —ksinKb 2 (a) 0 inycosKb + ksinKb ] lpl—_(a) _
1 n,KsinKb + ik cosKb 21 —1 mKsinKb + ik cos Kb| | Y22
0 271 211 (36)
[_ 2ksin6o  _ikbsin 90].
a—kcos 6
3.1 Solution of the Simultaneous Wiener- For solving the simultaneous Wiener-Hopf

Hopf Equations

(le—Th)llJf(a) + -
ikKMl(T]z,(X) + lIJZ (a) - lIJZ (a)]-‘(a))

where,
L(a) =
and

Ml(T]],O()—l
By mult1ply1ng Eq.
ik cosKb) and Eq.
THOR A
N MmO e,
where,

M;(n,,a)
M (12,0)

sin Kb

cos Kb, j=1,2.

(34) by (@,KsinKb+

(35) by (n,iK cosKb +
2k sin 90
a—kcosB,

e—lkb sin 90,

equations given in Eq. (34) and Eq. (35), it is
convenient first to rewrite Eq. (34) as:

(37

(38)

(39)

k sinKb), and subsequently adding the resulting
equations, the following equation is obtained:

(40)
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Mz (@) = T2 4 T o b, @D
N(a) = 3(712, Ot)R(T]z O()ele (42)
M3, ) = ksinkb 4 1N, cos Kb, (43)
K \-1

R(nz, o) = (ﬂz + @) . #4)
Rewriting the Wiener-Hopf equation in Eq. (37) yields the following form:

E(C)) iky3 (@) SN | S (45)
K@M (o0l @ T impomotr@ + W2 (0 = o bz (L7 (@),

where, L*(a) and L™ (a) denote the regular
functions that are free of zeros in the upper and
lower half-planes, respectively. Using the Wiener-

Hopf factorization of the meromorphic function
L(a), one obtains:

L(a) = L* ()L™ (), (46)
Explicit expressions can easily be obtained as follows:

1 1
+7 .~ _ (isinkb—n; coskb\3 (isinkb—n; coskb) "z ryoo b -1 (47)
L* (o) = ( ! ) ( ! ) H“=°(1+a_n)(1+sn) ,

where, @ = ta, are the zeros of the function
M;(n;,¢) and a=1f, are the zeros of
M;(n2,@). In the upper half-plane, the lefthand
side of Eq. (45) is regular except at the poles of the

first term, which correspond to the zeros of
M;(m,, @)located there, specifically at a = B,
with,

M;(M2, £Bn) =0, Im(B,) > Im(k) (48)
Subtracting the infinite set of poles from both sides of Eq. (45) results in:
111-1'-(0() _ ik‘p;(a) + _ ik — - o Pn
K(e)M; (n2,0)L* (a) Zn=o0g- Bn (el @ Wz (@) = nz-M (L™ (e) Zin=o a—By’ (49)
where,
_ W ) _ (50)
Pn = K(Bn)M1(M2,Bn)L* (Bn)’ n=123.,

M, (13, Bn) denotes the differentiation with respect to . Applying the principle of analytical continuation

and Liouville’s tbeorem to Eq. (49) gives:

Wz (L (o) = zn Oap
¥z (@) T]z T]1 Z _ (M2-nDYT (@)
Lt(@) n=0q B iKK(o)M; (n2,0)L*(a)’

The scalar kernel N(a) in the Wiener-Hopf
equation of Eq. (40) can be expressed as a product
N*t(a) and N~ (a), where

N*(a) is regular and free of zeros in the region

of two functions,

1
N*(a) = R*(n,, ) (isinkb — 1, cos kb)ze{ In

and

N~ (a) = N*(-0),

In Eq. (53), ¢ denotes the Euler constant, whose
value is approximately 0.577215 .... The factors of

a+iK

(e (R )} e (1+

R™(n;, kcos 6)

\/_COS< . (a)} 1’

and

o oy (Ma(3E-0-0)Me(Z-0+0))” N o _g-
:J_n_jSIH(E){ M?T(E) } {1+ 2cos< >

(1)
(52)

Im a > Im (kcos 6,), and N~ («) is regular and
free of zeros in the region Im @ < Im k.

The kernel functions in Eq. (40), namely N (a) and
R(nj, @), can be factorized using established
expressions. Consequently, the factors of N(a) are:
a) lob
e (53)
(54)
R(mj,@) can be expressed in terms of the
Malyuzhinetz functions as:

T
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R*(n;,kcos ) = R™(n;,—kcos8), (56)
where M;(z) and @ are defined as:
_ ifz msin(u)—2v2m sin(g)+2u du (57)
M (Z) — e 8“0 cos(u)
T - )
and
sin(@) = ﬁ, G8)
j
Equation (40) can now be rewritten as:
— - “()P3 (e T« ksinBy _j i _
VI @N (@) — St = — S B eiksinton- (), o7

By applying the additive decomposition to the last term on the right-hand side of Eq. (59), one obtains:

2ksin®o _—ikbsinBynN— () — _2K5IN00 —ikbsinByN~—(n) — N—
a—kcoseoe °N (a)_a—kcoseoe *(N"(0) = N"(kcos Bo)3 + (60)

2ksin®o  _ikbsinByp—
akcos o, N~ (kcos 8y),

substituting this into Eq. (59) yields:

- () _ N (@Wz (@)  2ksin®y _ikbsinBn—(r) _ N- _ _ ¥l
1]11 (a)eN () M, (o) P e °{N7(a) =N~ (kcosB0y)} = N* (o0 + 61)
2ksinBo  —jkbsin 0y p—
«keos6, © °N~(kcos 6y),
thus, on the lefthand side, regularity in the lower at @ = —f3,,. Upon subtracting this infinite set of
region is disrupted by the simple poles associated poles from both sides of Eq. (61), the following
with the zeros of My (n,, @) located there, namely expression is obtained:
- - N @Yz (@) v dn _ 2KksinBg __jkbhsin® - _ N- _
qu (:X)N (O() M;(n2,) n=0 a+Bn a—kcos B0 € O{N (O() N (k cos 60)} - (62)
_ Yi() | 2Kksin®g __jkbsin0yn - —_yo© _Gn
N+() a-kcos 8, € °N (k cos eO) Zn:O OH_Bn)
where @, satisfies
_ N*(Bn)Y1(=Bn) _ (63)
N = T L —py) n=123..,
Applying the principle of analytical continuation and Liouville’s theorem to Eq. (62) gives:
+ - o
Yi(a) _ 2ksinBg e~ikbsin eON_(k cos8y) — 3%, An (64)

N+(a) ~ a—kcos 90_ ~ ] a+By’
Y7 (N~ () = N (g (@) ¥ 2ksinBo_,—ikbsin BN~ (a) = N~ (kcos 6,)}.

M;(M2,0) a+B, a—kcosB, (65)

The solution is expressed as an infinite series of Eq. (58), it can be shown that these constants are
constants p,, and g, corresponding to the determined by solving the following two infinite
simultaneous Wiener-Hopf equations. sets of linear algebraic equations numerically:
Substituting Eq. (64) in Eq. (50) and Eq. (51) in

_ N*(Bn) 0 On _ 2ksinB _ikbsin0,n-— — (66)
Pn = s B L7 (o) \ 27=0 vy akcos 6, © "N”(kcos®y) ), n=123..

_ N*(Bn) ) qn _ (67)
In = it (Br=0mey) 0= 123
4, Field Analysis and Computational Results
The diffracted field u; (x,y) can now be determined using Eq. (8):
b(5Y) = 2 [ Ay (@05 )

+
Since 4;(a) = % from Eq. (23), the above integral can be written as:

1 + . IR
ul(x, Y) — EIL ‘!Jé((:‘)) elK(@)(y-b) fax (70)
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by applying the change of variables @ = —k cos(t), x = r cos(8) and y = rsin(@), the above integral

becomes:
u,(r,0) = % fL W} (=kcost, b)eikb sin(t)+ikr cos(t-6) q¢ (71)
the saddle point occurs at t = 6, and its contribution yields:
) (72)
u, (r,0) = We‘ sinOy;F(—kcos 0).
Finaly by putting Eq. (62) for Y, the solution is
3 3 (e-iKb(sin0+sin00)y sin g, ~ (73)
u,(r,0) = ﬁ{ (03070500 N~ (kcos0,)N~(kcos0) +
—ikbsin 8~ o an e
e N~ (kcos0) Ynr, B kcos e} =
L] - - . - L] - - - - L al - - - L - - - L] l - - L] . - - L
600 '
- | Joi
17} 0 o ::.u' "'1-.“_
% r..‘.—- f.--T:l'-:-t' .-- -.‘-'-:—.-I—L;I”
£ 40 e
s | e”
£ 300p £
9 !
]
z
E 2001 .
b, [ o bBg=n/4
100 |l | - 'ﬂﬂ ::T_.-"?ar
' - Bg=n/2
s
0.0 0.5 1.0 L5 20 25 3.0
Observation Angle (m radian)
Figure. 1. The variation of diffracted filed with respect to incident angle 8 forn, =
0.9i,m, =0.1i andb = 0.2.
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- o - i [T . !
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s b A
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z Il
=
£ mfs ——
= | o b=02
lm i‘  — I}:{}.f‘ | I 1 -
i - b=075
0 | L 1

0.3 1.0 L5 20 25 3.0
Observation Angle (m radan)

Figure. 2. The variation of diffracted field with respect to separation distance
b for 8y = 3 for1)y = 0.9i and1, = 0.1i.
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Figure. 3. The variation of diffracted field with respect tonq for 8y = g for

N2 = 0.1i andb = 0.2.
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Figure. 4. The variation of diffracted tield with respect to 1), for 0y = g for

71 =0.1i andb = 0.2.
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As illustrated in Figure. 1, the variation of the
diffracted field with observation angle for different
0. The field increases, reaches a peak, and then
decreases, with 6 affecting the peak position and
amplitude. The Figure. 2 shows the variation of the
diffracted field with observation angle for different
b. The field rises to a peak near 8 =~ 1.5 radians
and then decreases, with larger b giving higher
amplitudes. The Figure. 3, the diffraction field
exhibits negligible sensitivity to variations in 777. In
addition, Figure. 4 indicate that for Im(n,) > 0,
the amplitude of the diffracted field decays rapidly.
5. Conclusion

In this analysis, we have investigated the diffraction
of plane wave by parallel plate waveguide with
different boundary conditions in a Matrix Wiener-
Hopf equation. This problem cannot be directly
solved by using the know factorization method,
here we have converted the Matrix Wiener-Hopf
equation into another form by pre multiplication
with a suitable entire matrix. Then the solution of
two infinite systems of linear algebraic equations is
obtained. These systems are solved numerically
under the effect of the parameters such as
waveguide spacing and the surface impedance as
shown graphically. The main findings of the
analysis are:

By decreasing the distance between the two parallel
plate, the amplitude of the diffracted field
insensitively decreases. By increasing the capacitive
surface impedance Im(7,) > 0, the amplitude of
the diffracted field decreases.
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