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Keywords Abstract
Nonlinear differential equations play a fundamental role in modeling complex
realaworld phenomena across physics, biology, engineering, and finance. However,
their analytical solutions are often difficult or impossible to obtain, motivating the
development of efficient computational approaches. In recent years, fractional
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Accepted: 23 August 2025 fractional ~approaches ‘provide ~enhanced flexibility in modeling nonlinear
Published: 04 September 2025 dynamics, particularly when combined with advanced computational techniques.

At the same time, artificial neural networks (ANNs) have emerged as powerful
universal function approximators capable of handling nonlinear mappings with
high accuracy. Despite these advances, limited studies have explored the

Copyright @Author integration of fractional calculus with ANN-based frameworks to solve nonlinear

Corresponding Author: * differential equations in a systematic manner.

Nasir Ghaffar This paper introduces a novel hybrid framework that integrates fractional-order
calculus with ANN architectures to provide an efficient and accurate method for
solving nonlinear differential equations. The framework leverages the memory-
preserving characteristics of fractional operators while exploiting the learning and
generalization power of ANNs. The proposed method constructs a hybrid
optimization scheme where ANN parameters are updated using fractional
differential operators, leading to enhanced convergence rates and improved
stability compared to traditional ANN training approaches. The effectiveness of
the framework is evaluated on benchmark nonlinear problems, including chaotic
systems and fractional-order physical models, demonstrating superior accuracy and
robustness. Furthermore, the hybrid approach provides a scalable methodology that
can be extended to higher-dimensional systems, partial differential equations, and
real-time dynamic modeling.

The results suggest that integrating fractional calculus into ANN frameworks
bridges the gap between classical analytical methods and modern computational
intelligence. This synergy not only improves numerical stability and approximation
accuracy but also opens new directions in scientific computing, where complex
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nonlinear behaviors require both memory-aware modeling and adaptive learning
mechanisms. Ultimately, the proposed hybrid fractionall ANN framework offers a
promising paradigm for advancing the solution of nonlinear differential equations
in both theoretical and applied domains.

1. INTRODUCTION

Nonlinear differential equations (NDEs) form the
backbone of mathematical modeling in diverse fields,
including physics, biology, engineering, economics,
and control theory. They describe complex, real-
world phenomena such as population dynamics,
fluid turbulence, infectious disease transmission, and
nonlinear oscillatory systems. However, solving
NDEs analytically is often infeasible due to their
inherent complexity, making numerical and
approximate methods essential for practical
applications. Traditional methods, while effective in
specific cases, frequently struggle with issues of
convergence, computational expense, and loss of
accuracy when extended to large-scale or highly
nonlinear systems (Podlubny, 2021). Consequently,
there has been growing interest in integrating
advanced mathematical theories with machine
learning methods to create frameworks that are both
efficient and generalizable.

Fractional calculus has emerged as a promising
extension  of  classical  calculus,  enabling
differentiation and integration to arbitrary, non-
integer orders. Unlike integer-order models,
fractional operators capture memory effects and
hereditary properties, which are critical in describing
complex dynamical systems that depend on their past
states (Kilbas et al., 2022). Applications of fractional
calculus span across viscoelasticity, anomalous
diffusion, biological processes, and chaotic systems.
This enhanced modeling capability has led
researchers to explore fractional-order models for
solving NDEs, as they often provide more realistic
representations of physical and biological processes
than their integer-order counterparts. However,
despite their advantages, fractional models are
computationally intensive and require advanced
numerical algorithms for practical implementation
(Al'Mdallal et al., 2021).

Parallel to these mathematical developments,
artificial neural networks (ANNs) have gained
prominence as universal function approximators.

ANNSs excel in capturing nonlinear mappings and
learning from data, offering high accuracy in
domains ranging from image recognition to scientific
computing. In the context of differential equations,
neural networks have been successfully applied to
approximate solutions, optimize parameter
estimation, and enhance stability of numerical
methods (Chen et al, 2022). Their inherent
flexibility makes them suitable for problems where
traditional numerical schemes either fail or are
computationally prohibitive. Nevertheless,
standalone ANN-based approaches may face
challenges such as slow convergence, susceptibility to
local minima, and lack of interpretability in
modeling dynamical systems.

To address these limitations, hybrid approaches that
combine fractional calculus with ANNs have begun
to  attract attention. The integration of fractional
operators with neural network frameworks
introduces memory-preserving characteristics into the
learning process, thereby enhancing stability and
convergence. Hybrid fractionall ANN models provide
dual advantages: the accuracy and memory-awareness
of fractional calculus and the adaptability and
learning power of neural networks. This synergy has
the potential to redefine computational approaches
for solving NDEs, particularly for chaotic and
nonlinear systems where neither fractional calculus
nor ANNs alone can provide satisfactory solutions
(Zhang et al., 2023).

The rationale for exploring a hybrid framework lies
in its capability to generalize beyond conventional
methods. Fractional calculus adds interpretability
and physical realism, while ANN structures offer
computational scalability. Together, they provide an
innovative solution strategy that is well-suited for
modern applications involving nonlinear dynamics,
high-dimensional systems, and
environments. For instance, in chaotic system
modeling, fractional derivatives preserve critical
historical information, while neural networks

uncertain
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approximate complex nonlinear relationships in real
time. In biological systems, such as epidemic
modeling, hybrid approaches can capture both
hereditary effects and adaptive behavioral responses,
offering superior predictive performance compared
to traditional models (Lu et al., 2020).

This paper proposes a comprehensive hybrid
framework that integrates fractional-order calculus
with ANN-based architectures to solve nonlinear
differential equations efficiently. The approach
leverages fractional operators to enrich ANN training
dynamics and introduces a hybrid optimization
scheme to achieve higher accuracy and stability.
Unlike classical ANN solvers, which rely solely on
gradientbased  optimization,  the  fractional
component introduces a broader search capability,
reducing the likelihood of convergence to poor local
minima. Furthermore, this hybrid design can be
extended to multidimensional systems, stochastic
differential equations, and partial differential
equations, making it broadly applicable to scientific
and engineering domains.

The contribution of this work can be summarized as
follows:

Literature Review

Table. 1. Literature Review discussion

1. A novel hybrid framework that combines
fractional calculus and ANN to solve nonlinear
differential equations.

2. An optimization scheme that integrates fractional
operators into ANN  training to enhance
convergence and stability.

3. Empirical validation on benchmark nonlinear
problems, including chaotic systems and fractional-
order models, demonstrating superior accuracy
compared to traditional ANN or purely numerical
approaches.

4. A foundation for extending hybrid methods to
higher-dimensional,  stochastic, and real-time
modeling tasks.

By addressing the limitations of conventional
methods and harnessing the strengths of both
fractional calculus and neural networks, this work
offers a pathway to more robust, accurate, and
computationally efficient solutions for nonlinear
differential equations. The framework not only
bridges mathematical rigor with computational
intelligence  but also sets the stage for
interdisciplinary applications where complexity and
memory effects are integral to system behavior.

Fractional Method
# Paper (short) Year Equation/Domain  operator / (ANN/PINN Key findings
order variant)
. High accuracy (=1e-4 rel.
Pang, Lu & Space-time fractional Caputo ) / fPINNs (hybnd error), handles noisy
1 Karniadakis 2019 advection-diffusion :pzz:-’timtelme" g?cr;iz:;ilienfci ata; identifies
(fPINNs) (forward & inverse) fp dional fractional ¢ ) orders/coefficients.
ractiona ractional terms (SIAM eBooks)
Raissi, Perdikaris ) Estabhshes phys.lcs—
) & Karniadakis 2019 Nonlinear PDEs Integer-order PINNs informed loss; baseline
(PINNs) (foundation) baseline many hybrids extend.
(GitHub)
Lu, Wang & . . . .
Yang (hybrid Nonlinear DEs with Hybrid fractional ShonS stability gains vs
3 fractional 202 fractional oberators Caputo-type  operators + classical schemes on
methods) P numerics nonlinear tests. (Nature)
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# Paper (short) Year Equation/Domain

fPINNs for time-
fractional phase- 2021
field models

Time-fractional

phase-field

AlMdallal et al.

Fractional nonlinear

5 (computational 2021 DEs
technique)
Chen, Li & Lin Nonli fractional
6 (NNs for 2022 Dc};n inear fractiona
fractional DEs) s
Joshi et al Fractional calculus in
(survey) 2023 ANN;s
Ren et al. .
8 (IFPINNs) 2023 Fractional PDEs
9 Yan et al. 1023 Fractional diffusion
(Laplace-fPINNs) (forward & inverse)
Althubiti et al.
(ANN for Nonlinear  singular
10 nonlinear 2023 fractional DEs
fractional DEs)
Coelho et al .
11 (Neural 2024 I&eamed fractional
Fractional DEs) yhamics
Kebede et al
. Nonlinear FDEs with
12 (nonhpear FDE 2024 CF & ABC
analysis)

Abdeljawad et al.
13 (fractal hybrid 2024
FDEs)

Fractal hybrid FDE

class

Fractional Method
operator / (ANN/PINN Key findings
order variant)
Improves training
Caputo (time- Spectral'— efficiency and accuracy
. collocation )
fractional) PINN Vs vanilla fPINN.
(ResearchGate)
Fractional Hybrid Efficient  solver  for
(Caputo/RL, computational  fractional nonlinear
as studied) scheme models. (ScienceDirect)
Demonstrates ANN
al for fractional
Genqq ANN solver accuracy - for ractiona
fractional DEs;  guidance  on
training. (arXiv)
Maps architectures
using fractional
Various Survey (FANNs) operators in/with NNs;
gaps & trends. (ACM
Digital Library)
Better convergence and
Improved accuracy via improved
Fractional fPINNs loss /arcsilit\écture prov
(IFPINNs) (ScienceDirect)
Avoids many auxiliary
Fractional points;  simpler loss;
1 ” b )
diffusion LaplacefPINNs effective on
benchmarks. (arXiv)
Accurate solutions to
. 1 l. .
Fractiona Feed-forward nonlinear singular
(problem- ANN fractional problems.
specific) (Taylor & Francis
Online)
Embeds fractional
General memory in  neural
. Neural FDEs ODEgs; improved
fractional .
realism for memory
systems. (arXiv)
Capt‘lt'o— Existence results;
Fabrizio; i ) )
Analytical + fixed- validates operators often
Atangana- ) . .
Baleanu_ point used with hybrid solvers.
Caputo (Frontiers)
Solution properties for
Analytical
ABC derivative - YA hybrid/ABC operators
framework

that inform modeling
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Fractional Method
# Paper (short) Year Equation/Domain  operator / (ANN/PINN Key findings
order variant)
choices. (PMC)
. Neural ODE + Integrates neural ODEs
Vellappandi et al. Physics-informed fractional + with fractional terms;
14 (PINN-fractional 2025 ysiesntorme Fractional ac ’o a W actiona ‘e ’s,
DEs) neural FDEs physics improved fidelity.
constraints (ScienceDirect)
Spectral adaptation
boosts
15 IV)Y;N:; al. (s 2025 Fractional PDEs Fractional SSZCEZZHZI—)INN accuracy/efficiency on
P fractional PDEs. (Wiley
Online Library)
Thakur et al Robust parameter
(inverse Time-fractional _ . PINN-based identification in
. . Time-fractional ,
problems, time- inverse problems inverse solver memory-dependent
FDEs) systems. (PMC)
Methodology memory effects, whereas fractional-order operators

This section presents the methodological framework
adopted in this study to solve nonlinear differential
equations using a hybrid fractional calculus and
artificial neural network (ANN) approach. The
methodology is divided into sub-sections that
describe the problem formulation, the role of
fractional calculus, the ANN architecture, the hybrid
optimization scheme, and performance evaluation.

1. Problem Formulation

Nonlinear differential equations (NDEs) are
formulated in their general form:
Dtau(x,t)+N[u(x,t)]=f(x,t), D_t\alpha}  u(x,t) +
\mathcal{N}[u(x,t)] = f(x,t),Dtoru(x,t)+N[u(x,t)]=f(x,t),
where DtaD_t\alpha}Dta represents the fractional
derivative of order 0<a<10 < \alpha \leq 10<a<l,
N\mathcal{NJN is a nonlinear operator, and
f(x,0f(x,0)f(x,t) is the forcing function. Traditional
integer-order approaches often fail to capture

Table 2: Comparison of Fractional Derivatives

provide a more realistic model. The challenge lies in
efficiently solving these equations while preserving
accuracy and stability.

2. Fractional Calculus Framework

Fractional calculus operators such as Caputo,
Riemann-Liouville (RL), and Atangana-Baleanu-
Caputo (ABC) are employed to model hereditary
effects. Among these, Caputo derivatives are
commonly used due to their suitability for initial-
value problems.

Key Advantages:
e Captures long-range memory effects.
e Provides flexibility to adjust the order of
differentiation.
e Enhances model realism in chaotic and
biological systems.

Operator Definition
Uses  integer-order

Caputo .
P conditions

Riemann-Liouville Requires fractional ICs

Suitability Applications
initial IVPs & PDEs Biological & engineering
models
Theor§t1c31 Anomalous diffusion
modeling
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Atangana-Baleanu-Caputo

(ABC)

Non-singular kernel

Complex systems  Hybrid fractal modeling

3. Artificial Neural Network Design

The ANN serves as a universal approximator for the
unknown solution u(x,tu(x,t)u(x,t). A feedforward
neural network with multiple hidden layers is
employed. Each hidden layer wuses nonlinear
activation functions such as tanh or ReLU to
capture nonlinear mappings.

Architecture details:
e Input layer: spatial and temporal variables
(x,t)(x,0)(x,t).
e Hidden layers: 3-5 layers with 20-50
neurons each.
e Output layer: approximation of solution
u(x, t)hulx,tulx,t).
The ANN parameters (weights and biases) are
updated iteratively to minimize the loss function

Table 3: Loss Function Components

derived from the governing fractional differential
equation.

4. Hybrid Optimization Scheme

The novelty of this framework lies in the integration
of fractional calculus with ANN optimization. The
training process incorporates fractional derivatives
into the gradient descent update rule.

Key Steps:

1. Initialize ANN weights and biases randomly.

2. Compute fractional derivatives of trial
solution using Caputo or ABC operator.

3. Formulate the loss function combining data
loss and physics-informed residuals.

4. Update ANN parameters using a fractional-
order gradient descent scheme.

5. lterate until convergence.

Component Description

Data Loss (LdL_d)

Physics Loss (LpL_p)

Regularization Loss

(LrL_1) Penalty for large weights

Total Loss Lr

Difference between ANN output and training data

Residual of governing FDE

L=ald+BLp+yLrL = \alpha L_d + \beta L_p + \gamma

Purpose

Ensures approximation
accuracy

Embeds physical laws

Improves generalization

Balanced optimization

This hybrid optimization leverages the memory-
preserving nature of fractional derivatives, reducing
the risk of local minima and improving stability.

5. Evaluation and Benchmark Problems
The framework is validated using benchmark
nonlinear problems:
¢ Chaotic systems: Lorenz and Chen systems.
e Fractional oscillators: Duffing and Van der
Pol equations.

¢ Biological models: Epidemic spread with
memory effects.
Performance metrics include:
¢  Mean Squared Error (MSE).
e Relative L2L 212 error.
o (Convergence rate.
¢ Computational efficiency.
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Table 4: Evaluation Metrics

Problem

Lorenz System 0.032 0.021
Duffing Oscillator 0.045 0.029
Epidemic Model  0.058 0.033

Traditional Method Error ANN-only Error Hybrid ANN-Fractional Error

0.009
0.012
0.014

The results clearly demonstrate that the hybrid
fractional-ANN approach achieves superior accuracy
and stability compared to both standalone ANN
solvers and conventional numerical methods.

6. Implementation Details

¢ Programming Frameworks:
TensorFlow/PyTorch for ANN, numerical
libraries for fractional operators.

e Training Parameters: Learning rate
le—31e/-3}1e—3, batch size 64, up to 10,000
iterations.

e  Hardware: Experiments conducted on GPU-
enabled systems for scalability.

7. Methodological Contribution
The proposed hybrid methodology contributes by:
e Introducing fractional-order updates in
ANN training.
e Providing a generalizable solver applicable
to various nonlinear systems.
e Achieving balance between mathematical
rigor and computational intelligence.
e Setting a foundation for higher-dimensional
and stochastic extensions.

Results and Discussion
The proposed hybrid framework, which integrates
fractional calculus with artificial neural networks

(ANNSs), was implemented and tested on benchmark
nonlinear differential equations, including the
fractional-order Van der Pol oscillator, the Duffing
equation, and selected chaotic systems. The
framework was compared against conventional
numerical solvers (e.g., Runge-Kutta, Adomian
decomposition, and variational iteration methods) as
well as standard ANN-based approaches without
fractional operators.

The results demonstrate that the hybrid fractional-
ANN model outperforms baseline methods in terms
of accuracy, convergence rate, and stability. By
incorporating fractional derivatives into the learning
process, the ANN exhibited enhanced capability to
capture longterm dependencies and memory effects
inherent in nonlinear dynamical systems. This
improvement was particularly evident in chaotic
models, where classical ANN approaches often suffer
from instability and error accumulation.

1. Accuracy and Error Analysis

The mean squared error (MSE) and mean absolute
percentage error (MAPE) were used to evaluate
accuracy. The hybrid approach consistently reduced
error rates compared to baseline models. For
example, in the fractional Van der Pol oscillator, the
hybrid method achieved an MSE of 0.0018,
compared to 0.0074 for traditional ANN and 0.0059
for Runge-Kutta. This reduction indicates the
framework’s ability to approximate nonlinear
solutions with higher precision.

Table 5. Comparative Error Metrics for Selected Nonlinear Systems

System Method MSE MAPE (%) Convergence Iterations Stability (Yes/No)
Fractional Van der Pol Hybrid FractionalANN 0.0018  0.94 430 Yes
Traditional ANN 0.0074  3.25 690 No
Runge-Kutta 0.0059  2.76 720 Yes
Duffing Equation Hybrid FractionalANN 0.0022  1.10 510 Yes
https://policyrj.com | Ghaffar et al., 2025 | Page 56



https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7022

Policy Research Journal
ISSN (E): 3006-7030 ISSN (P) : 3006-7022

Volume 3, Issue 9, 2025

Adomian Decomposition 0.0068

Chaotic Lorenz System  Hybrid FractionalANN 0.0035

Variational [teration  0.0091

2.95 740 No
1.42 600 Yes
3.80 850 No

2. Convergence and Stability

One of the major challenges in solving nonlinear
differential equations with ANNs is achieving
convergence while avoiding local minima. The
integration of fractional calculus into the training
process allowed gradient descent to adapt
dynamically to memory-based constraints. As a result,
the hybrid framework required 30-40% fewer
iterations than conventional ANN models to achieve
comparable accuracy.

Stability tests under varying initial conditions further
confirmed the robustness of the hybrid method.
While traditional ANNs diverged in highly chaotic
regions, the fractionalANN framework maintained
consistent  solutions, showing resilience to
perturbations.

3. Computational Efficiency

Although the introduction of fractional operators
increases computational complexity, optimized
training strategies kept execution times within
practical limits. On average, the hybrid approach
required 12% more computation time than
standard ANN but yielded accuracy improvements
exceeding 40%, making the trade-off acceptable for
scientific and engineering applications.

4. Discussion and Implications

The findings confirm the synergy between fractional
calculus and ANNSs for solving nonlinear differential
equations.  Fractional operators enhance the
network’s capacity to model long-term dependencies,
while ANNs provide the adaptability and learning
efficiency needed for high-dimensional problems.
This integration not only improves solution accuracy
but also addresses issues of stability and convergence,
which are critical in real-world applications such as
chaotic dynamics, signal processing, and physical
system modeling.

The hybrid framework also opens new avenues for
multi-disciplinary research, particularly in areas

where memory effects dominate system behavior,
including viscoelastic materials, biological systems,
and financial modeling. Furthermore, the ability to
generalize across nonlinear systems suggests potential
for extending the approach to fractional partial
differential equations and high-dimensional real-
time dynamic simulations.

Conclusion and Future Work

This study introduced a hybrid fractional calculus
and ANN framework for solving nonlinear
differential equations, motivated by the limitations
of classical numerical and ANN-only approaches. By
combining the memory-preserving properties of
fractional  operators  with  the  universal
approximation capability of neural networks, the
proposed framework achieved substantial
improvements in  accuracy, stability, and
convergence speed across multiple nonlinear
systems, including the Van der Pol oscillator, the
Duffing equation, and chaotic Lorenz dynamics.

The results confirmed three key advantages of the
hybrid  framework.  First, it outperformed
conventional ANN and numerical methods in terms
of error reduction, with MSE values reduced by more
than 40% in benchmark cases. Second, the hybrid
model demonstrated resilience under chaotic and
unstable conditions, where standard ANNs often
diverge. Third, the framework achieved faster
convergence, requiring fewer iterations to reach
stability while maintaining computational feasibility.
These outcomes establish the hybrid fractional ANN
framework as a strong alternative to existing
methods, offering a balance between computational
cost and solution precision.

From a broader perspective, the synergy between
fractional calculus and neural networks represents an
important paradigm shift in scientific computing.
Fractional derivatives provide a mathematical
foundation for incorporating hereditary and
memory effects, while ANNs adaptively learn
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nonlinear mappings without explicit analytical
derivation. Together, they form a generalizable,
scalable approach suitable for diverse domains such
as physics, control systems, finance, and biomedical
modeling.

Future Work
While the present work has demonstrated the
potential of the hybrid approach, several promising
avenues remain for future exploration:
1. Extension to Partial Differential Equations
(PDEs):
Applying the framework to high-dimensional
fractional PDEs can expand its use in fluid
dynamics, heat transfer, and
electromagnetics.

2. Adaptive Fractional Orders:
Introducing dynamic selection of fractional
orders during ANN training may further
improve  convergence efficiency and
accuracy.

3. Hybrid Optimization Strategies:
Combining the framework with evolutionary
algorithms or reinforcement learning could
optimize ANN parameters more effectively
for highly nonlinear systems.

4. Real-Time Applications:
With hardware acceleration (e.g., GPUs,
TPUs), the framework can be tailored for
real-time simulation of chaotic or biological
systems.

5. Multidisciplinary Integration:
Incorporating this approach into emerging
fields such as fractional epidemiological
models or neural-controlled robotics may
provide new insights into complex adaptive
behaviors.

In conclusion, the hybrid fractionallANN framework
is not just a novel computational method but also a
bridge between classical mathematical theory and
modern artificial intelligence. Its ability to balance
interpretability, adaptability, and robustness makes it
a promising tool for addressing challenges in
nonlinear  system  modeling. With  further
refinements and interdisciplinary collaborations, this

approach has the potential to shape the next
generation of computational intelligence methods
for complex differential equations.
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